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We use Berkovits' pure spinor quantization to compute various three-point tree correlation 
functions in position-space for the Type IIB superstring. We solve the constraint equations 
for the vertex operators and obtain explicit expressions for the graviton and axion com- 
ponents of the vertex operators. Using these operators we compute tree level correlation 
functions in flat space and discuss their extension to the AdSs x S 5 background. 
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1. Introduction 

In this paper we compute explicitly several tree level string correlation functions for the 
Type IIB superstring using the pure spinor formulation developed by Berkovits et al. 
|9| . This quantization gives us tools to evaluate string correlation functions in a manifestly 
supersymmetric and covariant manner. The formalism uses the usual ten-dimensional 
superspace coordinates x m ,0 ct ,0 ct and introduces new worldsheet bosonic fields A a ,A a 
which are spacetime spinors and satisfy the pure-spinor condition A7A = 0. It also provides 
a nilpotent BRST charge Q, a Virasoro current with vanishing conformal anomaly and a 
ghost current. Physical vertex operators for massless pields have conformal weight zero 
and are states of ghost number 1 in the cohomology of Q. Recently this formalism has 
been used to obtain vertex operators for some of the massive fields of the open superstring 
|J. It has also been applied to construct a worldsheet action for the superstring in a 
Ramond-Ramond plane wave background ||10|| . 

In sect. 2 of this paper we review the main components of the pure spinor formal- 
ism. We will explicitly write down the vertex operators for the physical states using their 
constraint equations. In sect. 3 we use the vertex operators and the prescription for inte- 
gration over the zero modes of 0s and As |lj to compute several flat space string correlation 
functions in position space. Finally, in sect. 4 we discuss an extension of these calculations 
to the AdS$ x S 5 background. We find the string amplitudes calculated using this procee- 
dure to be equal to the field theory expressions, in accordance with the non-renormalisation 
theorems for the super-symmetric three-point functions. We expect a' corrections to first 
appear in the four point string tree amplitudes. Berkovits and Vallilo || have given a 
formal proof of the equivalence of the superstring amplitudes in their formulation with the 
Ramond-Neveu-Schwarz (RNS) quantization, at least in flat space. We present an explicit 
calculation in order to elucidate the computation of flat space correlation functions in the 
new quantization and to facilitate the extension to curved backgrounds. 

2. Review of Components 

We start by listing the worldsheet fields in the formulation. There are the usual ten- 
dimensional superspace coordinates x m ,0 OL ,0 a where 1 < a, a < 16. In addition to these 
there are worldsheet bosons A a , A a which satisfy the following condition 

\ a ^\P = 0, A a 7£U^ = 0, < m < 9. (2.1) 
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Here 7 m are the off-diagonal components of the 32x32 ten-dimensional 7 matrices in a 
Weyl representation (see Appendix A). 

The massless vertex operator expanded in powers of 9 and 9 is 
V(x,9,9) = A a A«[/w7^7^0^ 

fil^l q rsapl% 8 P eW + ^rs^lfjlt-^^ (2.2) 

+ F^lrnn pCt ^ri q rs^lll S P 9-¥¥ + •••]. 

Here F^^ corresponds to the Ramond-Ramond field strengths and can be expanded as 

TpPP _ p mPP 1 tt mnp/3f3 , 771 mnpqr/3f3 In o\ 

- 1 w m / ~ 1J -mnp 1 ~ mnpqr 1 ■ V ' / 

where C m = <9 m <5, for example, corresponds to the field strength for the axion and (• • •) 
correspond to auxilliary terms with higher powers of 9(9). One now defines the BRST 
operator as follows |IJ] 

Q = j) dz\ a d a 

where (2-4) 
d a = Pa - \l^dx m + \ 1 ™ l3lrnp y9< , d9° . 

I o 

where p a are the conjugate momenta for the 9 a s, with similar expressions for Q. The 
constraint equations for the vertex operator are 

[Q,V{z,z)] = 0, [Q,V(z,z)]=0. (2.5) 

In this paper we consider the vertex operators for the graviton and the axion explicitly. 
Equations (|2.5|) imply that the simple poles for the OPEs between Q, Q and V(z, z) vanish. 
This leads to following differential equations for V(z, z). 

\ a \*D a D a V = 

n 9 i ^f}0 9 D - 9 i ^50 9 (2-6) 
a d6<* 7a/3 dx m ' 5 d9« 7 ^ dx m ' 

Using ( p.6|) we see that the terms with odd powers of 9(9) are related to each other and 

so are the even powers. Next, we pick out the graviton and the axion vertex operators. 

V gravlt on = >?>?[h m n{x)l™pllpOPfP 

- ^h mn (x)^ P ^ p 9m^ 

- \d m h n ^(x) lpaPl ^ 1 ^9P9^ (2.7) 

+ ■■■}. 
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where h mn is symmetric and traceless and satisfies d p d p h mn = and d m h mn = and 
(• ■ ■) correspond to terms that have higher powers of 9(9) and do not contribute to tree 
amplitudes. The vertex operator for the axion is 

V axion = A Q A"[a ? $(x) 7 ^ S 7mn P a K 7™ P 7-n P -o S 7p^^ P ^^^ + • • •] ■ (2-8) 
With results from the appendix this can be written in a more convenient form as 

V axzon = ^A a A s [5 (? $(x)7 9 ^7 ? nap7^7^p7f^^ <J ^^ + ■•■]■ (2-9) 

In the next section we use these vertex operators to calculate the three-graviton and the 
two-axion one-graviton correlation functions in flat space. 

3. Correlation functions 

3.1. Three-graviton tree amplitude in flat space 
The three-graviton amplitude is as follows 

)|0>. (3.1) 

Using (|2.7| ) we will find two different types of terms that will contribute to the amplitude. 
These will have the form h mn h pq d r d s ht u and h mn d r h pq d s h tu . There will be three terms 
of the first kind and six of the second. We begin by looking at a term of the first kind. 

Terml =- < \ a \f 3 \~ f \"\P\ ; ' f h mn (x)h pq (x)d r d s htu(x) 

X m P S :V tw ^ n 'v t^ suv 
x lapTpalvnSlKT laplp a lv^8lRr 

x 9 p 9 a 9 5 9 K 9 r 9 p 9°f 5 9 R 9 f > 

! (3-2) 

= ^< h mn (x)h pq (x)d r d s ht u (x) > x 

<A A^A'A A^A 7ap7/3o-7w757«;T laplp 5 lv^5lRf 

x 9 p 9 a 9 5 9 K 9 T 9W9~ 5 9W > . 

Since A and 9 have conformal weight zero, only their zero modes will survive the bracket. In 
accordance with Berkovits' prescription [|]-|3| , we are keeping only terms containing five 9s 
and three As. These are the only ones that will contribute to the amplitude because there 
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is only one state (Xj9)(Xj9)(X~f9)(9~f9)\0 > in the cohomology of Q with ghost number 
three. We can show that 

< X a X p X~ / 9 p 9 a 9 T 9 UJ 9 K >=T^ li ^ p ^ 1 ' J 1 1 s lT l qrsuJK] (3-3) 

where [ ] stands for antisymmetrization over the indices p, a, r, u and k, with no overall 
normalization factor. One can obtain a similar expression for < X a X^XP f 6 p 9 a T U3 6 K >. 
Here T^ 7 l7l is defined as 

<l„ = 4^[*SW - ^<7^ 7l) ] • (3-4) 



The brackets ( ) corresponds to symmetrization over the enclosed indices with no overall 
normalization, and T^^l = N . Using ( |3.3| ) we evaluate the following useful terms. 

< \ a \ P \^rn ap l n pTl P1 *l™r ePeT e' TeKd5 > = 2880. 

< X a X fi X 1 1 t apln , 3Tlpial ^ p p T 9 a 9 K 9 & > = 288r/ mt . 

< x a x^x'y 1 t ctp ^ Tlp ^ s np e p e T e CT e K e 5 > = 32 V t[m r} n]u . 

< x a x^x t 1 t apl u PTl v ia ^ 5 np e p e r 9 CT 9 K e 5 > = ^'"W" + v tn v up v vm + v tp v um v vn 

_ yjtn^um^vp _ ^tp^un^vm _ ^tm^up^vn^ 

(3.5) 

Note that the normalization used in ( |3.5|) corresponds to N = which follows from 
a long but straightforward calculation of traces over various combinations of 7-matrices. 
Using the third term from ( |3.5|) in (|3.2|) we find 

Term! = 2h6{j] mr rf p rf s r] uq + rj mt r] rp r] nu r] sq - r) mt r) rp r] ns r] uq - ?y m WV) 

x < h mn (x)h pq (x)d r d s h tu (x) > x (3.6) 
= 256 < 2h mn (x)h pq (x)d m d n h pq (x) + 2h mn (x)d n h pq (x)d p h mq (x) > x 

Similarly we now evaluate a term of the second kind. 
Term2 = - - < X a X p X 1 X a X^h mn {x)d p h qr {x)d s h tu {x) 

x TO n q ^rv ~«tw U 



x 9 p 9 a 9 T 9 K 9 s 9 p 9°9 f 9 R 9 5 > 
-- - 2h&{rf n8 rf q rf p rf u + rf nt r] sq rf ir rf u - V mt V sq V np V ru - r] ms r] tq r] nr r] pu ] 
x < h mn (x)d p h qr {x)d s htu{x) >x 

--256 < h mn (x)h pq (x)d m d n h pq (x) +3h mn (x)d n h pq (x)d p h mq (x) > x 



(3.7) 



Combining (|3.6|) and (|3.7|) we compute the amplitude to be 



Aggg =3T ' erml + 6Term2 

r (3-8) 

=3072 / d 10 xh mn (x)h pq (x)d m d n h pq (x) + 2h mn (x)d n h pq (x)d p h rnq (x) . 

This is proportional to the field theory result for the three-graviton amplitude in a flat 
background on shell in the d m h mn = gauge. 

3.2. Two-axion one-graviton tree amplitude in flat space 

Using ( |2.7| ) and ( |2.9[ ) we can compute the 2-axion, 1-graviton scattering amplitude as 



-A-aag ^ Vgraviton \%1 1 %1 ) Vaxion (^2 1 ^2) Vaxion (^3 > ^3) 

pnR r _ s ryqrjfj t u 

1 lr/3al KT l s /3a!iifl '*7? ' r)nl fjTT 

QPQCTQTQtQltQPQaQTQZQir > (gg) 
1 



256 



< h mn (x)d p $(x)d q $(x) > x 



We now define 

A — <^ A A A A A A l ap lo,pl Irficrl KT 1 sfialhf! 7*7^ Tt/tt/u^ T^fr 

QPQOQTQiQ-KQPQOQTQiQir > 



(3.10) 



We see that A mnpq = A mnqp . Also, since h mn is traceless, the only component of A mnpq 
that suvives must be C5 m ^ p 5 q ^ n , where C is some constant. It follows that 

A aag =C J d W X h mn ( X ) d™ <S> (x) <S> (x) (3.11) 

To calculate C requires another long but straightforward trace calculation. 



4. Graviton two-axion amplitude in AdS$ x S 5 

In this section we will discuss correlation functions on the AdS$ x S 5 background. We 
will consider the two-axion one-graviton amplitude A aag . For AdS$ x S 5 , we introduce the 
curved space gamma matrices which satisfy 7 ma ^7^ 7 + 7 na,fl 7^ y = 2g mn 5" 1 where g mn is 
the AdS$ x S 5 background metric. Similarly for the barred indices we have 7 m5 ^7|- + 
7 na ^7^1 = 2g mn d^. In this case, following QTJ] , we can convert between the barred and 
unbarred spinor indices using 5 aa = (^ 01234 ) QQ ? i, e _ G a = S aa Ga and G a = <S aa G a . Here 
[01234] are the AdS§ directions. Since 5 aa is an orthogonal matrix, contracting over two 
barred indices is the same as contracting over two unbarred indices, i.e. G a G a = GaG a . 

We now need to compute ( jOf ) using the curved space 7-matrices i. Our rule for 
summing over barred indices implies that the computation is similar to taking the trace 
flat space, but now the flat metric r) mn is replaced by g mn . Furthermore, we can promote 
the partial derivatives to covariant derivatives since they only act on the scalar axion. 
Therefore, we suggest that the two-axion one-graviton string tree amplitude for Type IIB 
strings on AdS$ x S" 5 can be obtained by covariantizing the flat space result and will have 
the form 

A aag = C J d 10 xVg~ gm P 9n q h mn D^D^ . (4.1) 

In order to calculate more general amplitudes on the AdS^ x S 5 background, one would need 
to derive the invariant derivatives from the string constraint equations. One would also 
need to establish the auxilliary terms in the vertex operators, using either the constraint 
equations or symmetry arguments. 



Appendix A. Gamma matrices. 

This appendix describes the 7-matrices used in this paper. In the Weyl representation, 
the ten-dimensional gamma matrices are defined as 

7 B ~\ir ) (A - 1} 

where 1 < A, B < 32 and 1 < a, a,(3,/3 < 16. The ten-dimensional charge conjugation 
matrix is 

2 In principle, to establish ( |3.9| ) for the curved background, one also has to know the OPEs for 
Q and Q. For this particular amplitude however, we do not need the auxilliary terms. 



6 



where 

The charge conjugation matrix and its inverse can be used to raise and lower the indices 
on the gamma matrices as <y mAB = -y mA D C DB and j™ B = C^ D ^ mD B . As in PJ the 7 mQ ^ 
and 7^ are the off-diagonal elements of the ten-dimensional 32 x 32 Dirac-matrices and 
satisfy ^ m ^ n + ^ n ^ m = 2r) mn in flat space. 

The matrix -y^i^a—ajv denotes the completely antisymmetric product of TV gamma matri- 
ces. Specifically, 

_,m _,m 
7 Q/ 3 = 7/3a 

mnp _ J_ [m n p] _ mnp 
7 a/ 3 _ 3! ' ' ' ~~ '/3a (A.4) 

mnpqr _ J_ [m n p <j r] _ mnpqr 
'a/3 g| ' I I I I I pa 

where one can show that ^ m ^ rnn P and 7 mnp form a complete basis for expansion of any 
matrix A a p. Some useful results are 

lm{a^ )5 = ° (A.5) 
7mnp[a/37^r P = ( A - 6 ) 

In order to show (|A.6| ) we start by first showing a more general result 

Cl^e^lm^e* = ^Clap^^lmnpp^ (A.7) 



We note that 



epQ" = -e a e p 

e p a = C Pqr Y p qr (Ai 



L.H.S of O = C^^ p l m ,pC^Y/ q r 



Let us now look at the following term: 



lap Ipqr Jmafi — J0 p ] pqr Jmaa 

m pa A^mri 

lap Ipqr lm<j(3 ^pqr llmnap 



(A.9) 
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One can now evaluate A s ^ r by tracing over the two side of ( |A.9|) using a ^ stua P . The result 
one obtains is the following: 

(A.10) 



A stu es rf ru 

A pqr — °[p q°r] 



Similarly one can show that 



fjPqr _ ^^Pqrnpncr 

96 lpa 



(A.11) 



Substituting (|A.10| ) and ( |A.11| ) in (|AT8Dwe get 



1 

=R.H.S of (TAT7D 



l.h.s of O =i- a Cv p i Pq r P ^e^i qr 



(A.12) 



( |A.6|) then follows from ( |A.7| ) if we choose rj = 8 and the use the fact that 7^ = 7^ . 
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